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.JCI l’iopulsion 1 almtaloty, {“alilo][)io lns[i(ulc ol’Ikcl  III(IloFy,  l’ils:l(l~ll~l,  (’A 91109

Wc dctivc lc>[lmtkatdy (i:llt up])c( aIld lovm lmumi~  o n  tlIc  sof’1

dccfdill~,  CIIOI p[otxlt]i]ily fo] block codes 01 Icng(h It wi[h  M equally
likely, r{lu:I1-cl IeIg,y codcwoIds Ci, i : 0, .,,, M 1, Ir]McscIIlcd  in//-

dimcnsiotml  IMlidcan space and rcccivcd in [lIc plcscncc of additive

Ivl)ilc  (;:lllssiat] Iloisc, ‘1’hcsc ho[ItIds  show  sigllifica[l[ irl~]ltc)t,ctl)cll[

(Ivct  wfcll-k IIown bouIIds,  e.g., lhc union  uppcl  bound ,  IIcrlck;Imp’s

l;lllpcl][i;l] utjion  bound, and Shnnnon’s  S1lIICIC Imking, bound~.

I:ollowiilf  Stl:itltm  I 1], w c  considcf  [hc dill’crctl[ialty  [Ilill colI-

ical SIICII dc$,, (0) tm[wfccn IW O  c i r c u l a r  CWICS of lIal(-m Iglcs  O and

()  -1  ~/(),  C;ICII  w i t h  VCI’ICX  al lhc otip,ill  aIId a x i s  p a s s i n g  ttllcmp,tl

[Ilc Corlc(’t  c(Klcw,ofd ql. ‘1’his Sllcll coll[ains  a f[[lclioj]  dQ,, (fl)  :

“ ),  1 i]~~~~~j~j,  (sill O ) ”  2(10 of’ tlIc tol:Il  solid  :In[),lc in )1-(lilllcltsiotl:ll

S[UCC. lkII  a yivcn  C{IdC, [I ccf(ail)  flactim of tlIc shell ’s sol id atl-

.xlc f’ails Oulfide  Co’s voronoi  rcgim Wc mll tl]is L’lac[ioll the cod{’
,qc(J//l(,//:l,,  fic//c/itJ/t /’(0). I( dcl~ctlds  ()]1 IllC’  gc(ltl]ctly (JI’  lIIC CO(IC,  hul

II()[ (III lhc (;aussi:m tmisc distlitwtion,

Sitlcc  [IIC ji(~isc is sp})ctically  syjnrne[rir ~IId [hc Vomnoi  rcgi{jl)  is

II(JLIII(IL.(1 t)y lly]Ict[jlaIIcs [tlrou~tl  Iltc ot igin,  tt]c pr(~bahili[y  of c(Kic-

w,(IIcl  cII(~l  /’, C: III  tw wri[lc{l :(~ /’. : .[; )’(O) (/} ’(()), Wt,cl(  (//’(())

‘1’llis sq]ulaliot]  of lhc code g,coInclry  aIId lhc Gauwian  Iloisc  clis-

IIilnlli[m  has ;Illmvcd  IIS to develop cxtIcIIIcly  tighl  bounds on /’, t~y

lils~  b(wl~[iiljp,  Iljc cmlc g,comcIIy  fullctio]l  )“(0).  I(II  il)s[;lllcc,  /’(())

C;lll t)c Upl)cl t)(lllll(kd  by a Lll)ioll-bollnd  sultl[[l:lliot],

wlIcic ~J, (0) z cm ‘ (lIIaxl  - 1, lnil] [ 1, y, COIO]  ]), a n d  y, is IIIC t:ln-

pclll  t~f twll’ llw anplc  tlclwccll  codcwmds q, and q, ‘1’tw ilh lclfIl in

llIc  sutlllll:lli(~l)  IL~j IIcscII[s lt]c fl;iction of ~/c$,,($())  It]tt( is IICaICI [0 Ci
[Ilall  10 (:(),

Sil))ilally, /’(0) can hc Ioww bounded by Lltli(jll-lJOLttl(lirl~,  ltm flac-

[iol]  01 dt$,j (O) llIal is ncam to c, (hat)  10 co hut is no[ willli[t c , ’ s

V(jt<~noi Icg,iol),  i,c,, /’(0) y /’ (()), Whclc

in]pfovc(t  hounds /’, :IIId /’ atc villu:il]y it)(lisli r}g Llistl:ihlc f’ronl llIc

lWC /’, , :Is conlpatcd to dIc slandard ullioo  txwld, IIcdckamp’s  tml-

~,cnliol Llniot) boltttd, aIId Shon[wn’s  splmc ]mckitlg IOWCI bouIId, WC

h:ll’c Colllplltrd  llICSC IICW tmullds  fol codes 11]) to )i : 72 and VCI ificd

111:11 lhcy [I IL’  C’hh L.lllCl}  [ighl  C}’CII  4( ](w SNI<,
lkmn(is  cvct) [ig,hlct then /’( and /’ alc ob[aincd using  /’, (O) and

}“ ((~) silllllll:li]collsly,  iftl)c [o[al solid aIIg,lc Olc{)’s  Volclnoi tc~ion is

klw!’11, C,g., ,~~ /’(0) [/!(2,, (O) : I ~j f’or dis[altcc invali:lll(  coclcs,

‘1’his [Cch[liquc gcnc[oli7cs a l) Ioccdu  Ic dcvclol)cd I)y Stlar)[ml [ 1 ] that

relics o)) the nmmt[micily 01 llIC (;aussi;ltl  ptotmbility  dcnsi[y,  ‘1’hcn

.!(1 .1(1

{

/’(()), (/ ~ o ,W’hf.’tc /’ , (o) : /; (0) $
{

/;( 0),0 <0,
/;(0),0>0 , ‘ 1’ (0),0 > (), ‘

and 0. , all(l f) , alc :Iny alIglcs lalg,c CIIOUFII  1 0  salisfy

J; }’ , (0)  {IQ,,(())  < ,(; /’(0) (/s2,, (0) <J; }“, (0) (IQ,, (0).
The [cchtliqLm of scpralin~ (IIC code ~coIIIclI  y fut)clion  /’((7) and

ttlc’ ~;:lUSSi:lll n o i s e  dis{l itxltio!l  :1!s0 Simp!ifim h~onlc (“:IIIL)  silnL[-

I:l[ions of code pcI (’01111211 cc. A sinp,lc sin~ulation  IIIay  Ix- used to

cs[imak’ /’((/) fol lIIC c o d e ,  :Ind lIICII  the ct]litL> /’< vs.  SNR pclfo-

II IaIICC  CUI  vc C:III bc dctct [tliucd by in~cpl{l(ing, with  Icspccl to d} ’((}).
‘I’l Ic code gconlclfy  futwliotl  /’(0) tII:Iy  hc sin]ul:l(c(l  by g,c[r[o[ing,

Gtlussiatl  Imisc s2111plcs  ad(kd 10 Q,  and pctlofl]litlg,  a decoding ollcI-

a[iotl [0 dc[crlltinc  [IIC J’Iw[io[l  ot’ s;([nplcs  :11 aI~glc  O t}ml fall outside

C O’S V(IIOII(Ii  Icg,ioll. Arl al[clll:l[ik,c  Iccllniquc  uscs (II-1  )-dil]]ct]siot):!l

~kiUSSi[ll) lloiSC S211)J)]CS olillog,oll[l] (()  CO Illd  COlllpUICS  [hC Il)illiflllllll

allg]c O al v,fllictl a scwlcd vclsi ori ollhc noise would cau~c LIIC rcccivcd
Lvord 10 leave C[,’s Volwloi 1~’:,ioll, ‘Ibis I: I[[cI (cchniquc allows each

solllplc  I(J Cotlltitm[c itlfoflllatiojt  almu( /;(0) fot [Ill V: IIIICS 010,

O[lm fc’sulls  include cxac[ CIIOI plobohili[ics  lot sof[ bouIIdcd dis-
l:lncc dccodcrs, I: IndonI codi[l~, bounds bawd on aII “avcra~,,c”  1’(0),
aIId possible cxkvhiom to c{)]]>~olllli(]tl~ll codrs aIId lallicrs,

0,?

“((’) r (’- li[’~.lf’’(’’f~(~( ) ~“”t’ (o) : ‘y/ (/s2 ,((), )
)/(),  1)

Wllclc /J,, ((), ) = Cos ‘(lllaX/-  1 ,  n]inll ,  ~,j C()(OI  ]]) :(11(1  y,, i s  lhC (:111-  $

p,clll  (If tl:llf  IIlc  allxlc  twlwccil  [Ilc projections  of c, ;ItId C, ill(()  [IIC b

sul)slI;Icc  01 LII(IP,oII;II  to c.,). ‘1’hc bounds o)] 1’(0)  can tw cxlct Idcd i[l[o il

:11) :tllcllj:llitj~,  scl ics ()[” sllcccssivcly  tig,l]lcr ullllct  al}d low, cl tx)Llllds,
-p

lcv Illillolitlp, ill :111 cxoc[ c,sptcssion  aticl (// 1 )  i[rra[iolls, s

l;(~llll(ls (JII (lIc Cxxlc p,co[llc[Iy  l’ulwtion  /’(0) lI;Illsl:Itc (Ii] cclly itllo
1)(1111)[1< 0111’, ,
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‘1’lIc lIg,LIIL.  illus[la(cs IIIC ptccision  of (hc lIcw, tmullds  applied tt} llIe

(8,4)  cxlctIdcd  I l;llnnlillg, code, fot which the cx:ic[ /’C is know),  ‘1’hc
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